Abstract We present two sufficient conditions for normal structure in a Banach space. The first one is given in terms of the new modulus which is a generalization of Gao's modulus of U-convexity and the second one is given by the presence of full 2-rotundity of the dual space and the WORTH property.
Introduction
Let X be a Banach space with the dual space X * . Let S X = {x 2 X: ixi = 1} and B X = {x 2 X: ixi 6 1} be the unit sphere and the closed unit ball of X, respectively. Definition 1.1 [1] . A nonempty bounded and convex subset K of a Banach space X is said to have normal structure if for every convex subset H of K that contains more than one point there is a point x 0 2 H such that supfkx 0 À yk : y 2 Hg < diam H;
where diam H = sup{ix À yi: x, y 2 H} denotes the diameter of H. A Banach space X is said to have normal structure if every bounded convex subset of X has normal structure. A Banach space X is said to have weak normal structure if for each weakly compact convex set K of X that contains more than one point has normal structure. We also say that X have uniform normal structure if there exists 0 < c < 1 such that for any subset K as above, there exists x 0 2 K such that supfkx 0 À yk : y 2 Kg < c Á diam K: Remark 1.2. For a reflexive Banach space, normal structure and weak normal structure coincide. Moreover, if a space have uniform normal structure, then it is reflexive. Definition 1.3. A Banach space X is said to have the fixed point property if whenever C is a bounded closed convex subset of X it follows that every nonexpansive mapping T: C fi C, that is, iTx À Tyi 6 ix À yi for all x, y 2 C, always has a fixed point. If the ''closed convex'' condition of the set C above is replaced by ''weakly compact'', then we say that X has the weak fixed point property.
Remark 1.4. For a reflexive Banach space, fixed point property and weak fixed point property coincide. Recently, Lin [2] successfully constructed a nonreflexive space that has the fixed point property.
In [3] , Kirk proved that every Banach space with weak normal structure has the weak fixed point property. Since then many geometric properties guaranteeing (weak) normal structure and the (weak) fixed point property have been widely investigated. Let us recall the concept of uniform convexity which probably known as the most natural generalization of convexity properties of Hilbert spaces. A Banach space X is uniformly convex if
for all e 2 (0, 2). It is also known that every uniformly convex space has uniform normal structure.
In [4] , Lau introduced the concept of U-spaces and proved that the class of uniformly convex spaces is strictly included in that of U-spaces. Later on, Gao [5] introduced the so-called modulus of U-convexity. Recall that a Banach space X is a U-space if
for all e 2 (0, 2). Here $ x denotes the set of norm one supporting functionals of x 2 S X , that is, r x ¼ ff 2 S X Ã : hx; fi ¼ kfk ¼ 1g. It follows from the definitions above that d X 6 u X . In [6] , Gao and Lau proved that every U-space has uniform normal structure. For a function f(e), we write fða À Þ ¼ lim e!a À fðeÞ. Gao [5] proved that a Banach space X has uniform normal structure if u X 1 2
À

À Á
> 0 while Mazcunan-Navarro [7] showed that u X (1 À ) > 0 implies that X enjoys the fixed point property. In [8] , Saejung proved by using the ultrapower method that a Banach space X and its dual X * has uniform normal structure whenever u X (1) > 0. He also gave an example showing that such a condition is sharp.
It is worth noticing that both moduli above are determined by only two elements in the space. Hence it is natural to consider another modulus which is allowed more elements involved. One of many interesting moduli in this direction was introduced by Jime´nez-Melado [9] and it was generalized to the following one by Mazcun˜a´n-Navarro [10] . Definition 1.5. Let X be a Banach space and s n ðXÞ :¼ supfe 2 ½0; 2 : 9x 1 ; x 2 ; . . . x nþ1 2 B X ; such that min
We define d ðnÞ X : ½0; s n ðXÞÞ ! ½0; 1 by
It is easy to see that s 1 (X) = 2 and d
Moreover, it was proved in [10] that Theorem 1.6. If X is a Banach space with d ðnÞ X ð1Þ > 0 for some n P 1, then it has uniform normal structure.
Jime´nez-Melado [9] also proved the following result when n = 2. Theorem 1.7. Let X be a Banach space with the WORTH property [11] , that is,
for all x 2 X and for all weakly null sequences {x n } in X. If d ð2Þ X ð2 À Þ > 0, then X has the weak fixed point property.
Recently, it was proved by Fetter and Gamboa de Buen [12] that every reflexive Banach space with WORTH property has the fixed point property.
The purpose of this paper is two-fold: (1) to improve a sufficient condition for uniform normal structure in terms of the new modulus which is a generalization of the modulus of Uconvexity u X introduced by Gao and (2) to prove that the dual space of a fully 2-rotund Banach space with WORTH property has normal structure.
A new modulus inspired by Gao's modulus of U-convexity
We first define the following modulus.
Definition 2.1. Let X be a Banach space and n 2 N. We say that two sets of vectors {x 1 , . . ., x n+1 } Ì S X and ff 2 ; . . . ; f nþ1 g & S X
Ã satisfies property (G n , e) where e 2 [0, 2] if min i>j hx i À x j ; f i i P e and f j 2 r xj for j ¼ 2; . . . ; n þ 1:
In this case, we write ({x 1 , . . . , x n+1 },{f 2 , . . . , f n+1 }) 2 (G n , e). Define t n ðXÞ ¼ supfe 2 ½0; 2 : 9x 1 ; . . . ; x nþ1 2 S X ; 9f 2 ; . . . ; f nþ1 2 S X Ã such that ðfx 1 ; . . . ; x nþ1 g; ff 2 ; . . . ; f nþ1 gÞ 2 ðG n ; eÞg:
We define u ðnÞ X : ½0; t n ðXÞÞ ! ½0; 1 by
. . . ; f nþ1 gÞ 2 ðG n ; eÞ
It is easy to see that u ð1Þ X ¼ u X and t n (X) 6 s n (X) for all n 2 N; u ðnÞ X ðeÞ P d ðnÞ X ðeÞ for all e 2 [0, t n (X)).
Lemma 2.3. Let H be a Hilbert space and x, y 2 S H . Then
Proof. Note that AEx À y, x + yae = ixi 2 À iyi 2 = 0 and so AEx À y, xae = AEx À y, Àyae. Consequently,
Let H be a Hilbert space and n P 1. Then
From Lemma 2.3, we have Proposition 2.5. Let H be a Hilbert space and n P 1. Then Lemma 2.7 (Bishop-Phelps-Bolloba´s [13] ). Let X be a Banach space, and let 0 < e < 1. Given z 2 B X and h 2 S X Ã with 1 À hz; hi 6
, then there exist y 2 S X and g 2 $ y such that iy À zi 6 e and ig À hi 6 e.
The following result was proved by James.
Theorem 2.8 14. Let X be a Banach space. Then X is not reflexive if and only if for any 0 < e < 1 there are two sequences {x n } Ì S X and ff n g & S X
Ã such that (a) AEx m , f n ae = e whenever n 6 m; and (b) AEx m , f n ae = 0 whenever n > m.
Theorem 2.9. If X is a Banach space with u ðnÞ X ð1 À Þ > 0 for some n P 1, then X is reflexive.
Proof. Let 0 < e < 1 be given. If X is not reflexive, then there are sequences {x n } Ì S X and ff n g & S X Ã satisfying the following two conditions:
whenever n 6 m; and (b) AEx m , f n ae = 0 whenever n > m.
According to Lemma 2.7, we can find two sequences {y n } Ì S X and fg n g & S X
Ã satisfying the following three conditions for all n 2 N: (c) g n 2 r y n ; (d) ig n À f n i 6 e; (e) iy n À x n i 6 e.
Consequently, if n > m, then hy n À y m ; g n i ¼ hy n ; g n i À hy m ; g n i þ hx m ; f n i
This means ({y 1 , . . . , y n+1 }, {g 2 , . . ., g n+1 }) 2 (G n , 1 À 2e) and hence
On the other hand, we have
This implies that
Letting efl0 gives u ðnÞ X ð1 À Þ ¼ 0 for all n P 1. This proves the theorem. h Suppose that P is a property of Banach spaces. We say that a Banach space X has super-P propertyif whenever Y is finitely representable in X it follows that Y has P property. For example, we say that X is super-reflexive if any space Y which is finitely representable in X is reflexive. for all e > 0.
To prove this result, we need the following modified version of Lemma 2.7 whose proof is omitted.
Lemma 2.12. Let Xbe a Banach space, and let 0 < e < 1. Then there exists a number d > 0 such that for given z 2 X and h 2 X * with AEz, hae = 1 and izi, ihi 2 (1 À d, 1 + d), there existẑ 2 S X andĥ 2 rẑ such that kẑ À zk 6 e and kĥ À hk 6 e.
Proof of Theorem 2.11. We prove that u ðnÞ X ðeÞ 6 u ðnÞ Y ðeÞ þ g for all g > 0. Let g > 0 be given. We choose elements y 1 , y 2 , . . ., y n+1 2 S Y and g 2 ; . . . ; g nþ1 2 S Y Ã such that ({y 1 , . . . , y n+1 }, {g 2 , . . . , g n+1 }) 2 (G n , e); 1 À 1 nþ1
We are going to find our candidates x 1 , x 2 , . . ., x n+1 2 S X and f 2 ; . . . ; f nþ1 2 S X Ã , and to consider the estimate of 1 À 1 nþ1 kx 1 þ Á Á Á þ x nþ1 k. It follows from the preceding lemma that there is a number 0 < d < g such that for given z 2 X and h 2 X * with AEz, hae = 1 and izi, ihi 2 (1 À d, 1 + d), there exist z 2 S X andĥ 2 rẑ such that kẑ À zk 6 g and kĥ À hk 6 g. Corresponding to a positive number d and a finite dimensional subspace N :¼ span{y 1 , . . . , y n+1 } of Y, we can find a finite dimensional subspace M of X and an isomorphism T: N fi M such that ð1 À dÞkyk 6 kTyk 6 ð1 þ dÞkyk for all y 2 N. Put x i :¼ Ty i for all i = 1, . . ., n + 1. Let S: N * fi M * be the adjoint operator of T
À1
. For convenience, we treat each g i as a functional whose domain is N. Hence each S g i becomes a functional whose domain is M and we can extend its domain to the whole space X (without altering its norm) by Hahn-Banach Extension Theorem and we denote such an extension by f i . We note that
Consequently, we can findx 1 ; . . . ;x nþ1 2 S X and f 2 ; . . . ;f nþ1 2 S X Ã such that À Þ > 0 for some n P 1, then X is super-reflexive.
Proof. It follows directly from Theorems 2.11 and 2.9. h Theorem 2.14. If X is a Banach space with u ðnÞ X ð1 À Þ > 0 for some n P 1, then X has uniform normal structure.
The proof of this result is based on the following lemma obtained by Saejung.
Lemma 2.15 [17] . If X is a Banach space with B X Ã is weak * sequentially compact and it fails to have weak normal structure, then for any e > 0 there are {x 1 , x 2 , . . . , x n } Ì S X and ff 1 ; f 2 ; . . . ; f n g & S X Ã such that (a) OEix i À x j i À 1OE < e, for all i " j; (b) AEx i ,f i ae = 1, for all 1 6 i 6 n; and (c) OEAEx j ,f i aeOE < e, for all i " j.
Proof of Theorem 2.14. We assume that u ðnÞ X ð1 À Þ > 0 for some natural number n. It follows from the reflexivity of X and Banach-Alaoglu's Theorem that B X Ã is weak * sequentially compact. Clearly, normal structure and weak normal structure coincide. Suppose that X fails to have (weak) normal structure. Let e > 0 be given. There are {x 1 , x 2 , . . . , x n+2 } Ì S X and
, and
Consequently, we have the following two estimates:
Letting efl0 in the last estimate gives u
Finally, to conclude the uniform normal structure, we just invoke Khamsi's result [18] which states that super-normal structure implies the uniform normal structure. h Remark 2.16. There exists a Banach space X such that u X (1) = 0 but u ð2Þ X ð1 À Þ > 0. Hence the result above extends the one in [8] . In fact, let X ¼ ðR 2 ; k Á kÞ where kðx; yÞk ¼ maxfjxj; jyjg; if xy P 0; jxj þ jyj; if xy 6 0:
On fully 2-rotund spaces
Finally we prove that in the presence of the WORTH property every space whose dual is fully 2-rotund has normal structure.
Recall that a Banach space X is fully 2-rotund [19, 20] if {x n } converges whenever {ix n + x m i} converges.
Lemma 3.1. Let {x n } be a sequence in a Banach space X and {f n } be a sequence in S X Ã such that the following conditions hold:
f n (x n ) = ix n i for all n; x n ! w 0 and f n ! w Ã f 2 B X Ã .
Then there exist subsequences {y n } of {x n } and {g n } of {f n } such that lim n-m hy m ; g n i ¼ 0:
Proof. First, we choose an integer n 1 such that
Next, we choose an integer n 2 > n 1 such that
; and jhx
Again, we choose an integer n 3 > n 2 such that
; and jhx ni ; f n 3 À fij
By induction, we can find a strictly increasing sequence of integers {n k } such that the following conditions hold for all k:
Consequently, for all i = 1, . . ., k, we have
The proof is finished by letting y k ¼ x n k and g k ¼ f n k . h Lemma 3.2. Suppose that {x n } is a weakly null sequence in a Banach space X satisfying WORTH property and lim nfi1 ix n À xi = diam{x n } = 1 for all x 2 cofx n g. Then there exists a subsequence {y n } of {x n } such that
Proof. Put n 1 = 1. Then lim n!1 kx n À x n 1 k ¼ 1. We choose an integer N 2 such that
Again, we have lim n!1 kx n À x n 2 k ¼ 1. We choose an integer
and jkx n þ x n 2 k À kx n À x n 2 kj < 1 2 2 for all n P N 3 . Put n 3 = N 3 . Then
Proceeding this procedure gives a subsequence fx n k g of {x n } such that for each k the following conditions are satisfied by all i = 1, . . ., k:
The proof is finished by letting y k ¼ x n k . h Theorem 3.3. Suppose that a Banach space X has the WORTH property.
If X * is fully 2-rotund, then X has normal structure. If X is fully 2-rotund, then X * has normal structure.
Proof. Since X * is fully 2-rotund, X is reflexive. If X fails to have normal structure, then it contains a weakly null sequence {x n } such that lim nfi1 ix n À xi = diam{x n } = 1 for all x 2 cofx n g. Notice that 0 2 cofx n g so lim nfi1 ix n i = 1. We next choose a sequence {f n } in S X Ã such that AEx n ,f n ae = ix n i for all n. By the reflexivity, we may extract a subsequence of {x n }, still denoted by {x n }, such that lim nfi1 ix n À xi = diam{x n } = 1 for all x 2 cofx n g and f n ! w f 2 B X Ã . Invoking conclusions from Lemmas 3.2 and 3.1, there are subsequences {y n } of {x n } and {g n } of {f n } such that lim n"m iy n À y m i = lim n"m iy n + y m i = 1; lim nfi1 iy n i = lim nfi1 AEy n ,g n ae = 1; lim n"m AEy m , g n ae = 0.
Finally, we show that the sequence {g n } violates the full 2-rotundity of X * . In fact, it follows that 2 P lim The last assertion follows from the first part because in the presence of reflexivity WORTH property is a self-dual property (see Theorem 3 of [21] ).
Remark 3.4. Since there exists a Banach space X such that X is not uniformly nonsquare and X * is fully 2-rotund, our result is different from Dalby's [22] . Indeed, we consider X is the ' 2 -direct sum of the sequence of spaces ðR 2 ; k Á k n Þ where kðx; yÞk n ¼ ðjxj nþ1 þ jyj nþ1 Þ 1=ðnþ1Þ :
It is clear that X is not uniformly nonsquare. However, it is fully 2-rotund (see Theorem 2 of [19] ) and has WORTH property (using a slight modification of the proof of Theorem 7 of [23] ).
Remark 3.5. Let us reemphasize the question posed by Sims: Does every fully 2-rotund Banach space enjoy the fixed point property?
